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Abstract 
This paper summarizes with a number of new results, a variety of functional equations which arise 
from the enumerations of planar maps. A few applications are also discussed. 
1. Introduction 
1.1. A map M here is meant a permutation f on a set X with the following 
conditions. 
Condition 1. The set X= IJxeX ,Xx, where xxx = {x, CIX, /Ix, a/Ix} is called a quadricell, 
X={xl,xz, . . . , xm}, and x = { 1, CI, /I, G$} is the Klein transformation group of four 
elements. 
We usually write X=X,, s(X) when it is not necessary to notify X, a and p. 
Condition 2. The permutation f on X has to obey the following two axioms. 
Axiom 1. ccf=b-lx. 
Axiom 2. The group YJ generated by J = { c(, /3,2} is transitive on X. 
Thus, we may write the map M = (X,,,(X), f). From Axiom 1, CI, /3 are asymmetric, 
i.e. (Xm,,(X),y)#(X,,.(X),y). Generally, for a map M=(X&X),y), it is not 
necessary that (X,,,(X),,$) is also a map because for fi, it is not guaranteed to have 
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Axiom 1. In fact, Axiom 1 allows us to define the vertices of a map as the pairs of 
conjugate orbits of f on X. 
1.2. For a map M =(!Z&X), f) given, from the asymmetry of r and /$ we may call 
r the first operator and fi, the second. It is easy to show that M* =(%O,z(X),fnB) is 
also a map with fi as the first operator and CI, the second. We call M* the dual map of 
M. From the duality, we may define the faces of M to be the corresponding vertices of 
M*. In addition, the edges of a map M =(X,, p( X), 2) are defined to be the quadricells 
xx = {x, xx, fix, apx ) for XEX. For an edge (x, zx, /Ix, cx/?x ), {x, ax ) and { /j’x, U~X ), 
{x, fix} and { CIX, afix} as well, are said to be semi-edges. Let V, E, and q be the number 
of vertices, edges, and faces of M, respectively. The number 
E(M)=\]--E+V 
is said to be the Eulerian characteristic of M. 
1.3. For a map M =(?JY~,~(X), f), if it satisfies the following axiom, then we call it 
orientable; otherwise, nonorientable. 
Axiom 3. The group YL generated by L = { @, 9) is not transitive on F!f2,,(X). 
In fact, if Yy, is not transitive, then it will have exactly two orbits on X,,,(X). When 
M is orientable, we always have E(M) < 2 and E(M) = 0 (mod 2). If E(M) = 2 -2p, 
then M is a map on the surface of genus p z 0. If p = 0, then M is said to be planar. Here 
we mainly discuss planar maps. When M is nonorientable, we always have E(M) < 0. 
If E(M) = l-q, then M is a map on the nonorientable surface of genus q. When q = 1, 
the surface is the projective plane. 
1.4. AmapM=(~t^,,I,(X),~)issaidtoberootedifanelementof~~,p(X)ischosento 
be the one specially marked, which is called the root. We denote the root by r and the 
rooted map by M”‘=(%g)D(X),$). I n a rooted map, the vertex, the edge, and the face 
which involve the root are said to be the root-vertex, the root-edge, and the root-face 
denoted by v,,e, andf,, respectively. For two rooted maps M:“)=(%z$(X,), fl) and 
M$2)=(!Tz$(X2)r g2), if there exists a bijection r : X(l’,$( X,)+%Fj(X,) with 
z( rl ) = r2 such that the diagrams 
XXl,‘(X,) -5 Xr,-$!W 
Y 1 1 1 Y2 
X~~CXl) -L Xpj(X,) 
are commutative for y1 = ‘Jo = CC, for yi =yz = p, and for y1 = f1 and yz = %2, then we 
say that M’fI) and Mcr2) are isomorphic, denoted by MyI)- Mp). We only consider 
rooted maps here and all isomorphic maps as the same. 
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1 S. In a map M, the valency vul( v) of a vertex v is the number of semi-edges involved 
in u. For a map M given, a vertex partition of the non-root-vertex set Y-v, is 
determined by the valencies of vertices as 
~(M)-{v,}= C pi, ~i(M)={UlUUl(v)=i}. 
i21 
Let m(M) be the valency of the root-vertex in M, and let ni( M)= 1 Vi( M)I, i> 1. In 
order to enumerate nonisomorphic maps in a set M, we have to investigate the 
function 
(1.1) 
which is said to be the vertex partition function of &“. Let .9(x; y,,y,, . ..)= 
Ulf=Cm~OC~“l,“a ,.., ).0%,n2 ,... XrnrIi&l Yl’, %,m (.._ E R + }. In dual form, the face parti- 
tion function is defined as 
.Lv(x;Yl,Y,> . ..I= 1 
MEN 
XSCM) ig y;i CM) ) 
where s(M) is the valency of the root-face and Si( M) is the number of non-root-faces 
of valency i, i> 1, in M. 
1.6. We treat a function f(z) as a member of the function space F which has 
(1 ,z,z ,z 2 S,...} as a basis. On the function space 9, we introduce a functional, 
denoted by Jr such that 
SZ’=Zi, iB1, sl=l. (1.2) 
Z Z 
Therefore, JZ is a transformation from 9 to the vector space -tr which has 
{l,z1,zz,...) as a basis. It is easy to see that sZ is linear. 
In addition, we also introduce two operators on F. Forf(z)EF, let 
* 
X-Y 
f= .0X)-f(Y) 
x-y ’ 
dx,yf’= Yf(X)-Xf(Y) 
X-Y 
(1.3) 
which are said to be (x, y)-, (x, y)-deference off; respectively. It is easy to check that 
the following relation holds: 
&,,(zf)=xY&,yf. (1.4) 
The vertex partition function g_,,(x; y,, y,, . . .) can be treated as a member of 9 as 
gN(z)=gM(z;y1,y2, . ..) in the context. 
The purpose of this paper is to discuss a number of functional equations which 
involve the functional JZ. 
1.7. Terminologies not explained here refer to [27] on combinatorial maps and to [S] 
on combinatorial enumeration. 
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2. Equations solved 
2.1. A map M is called a tree map if the underlying graph which consists of the 
vertices and the edges of M, is a tree. If the valency of the root-vertex of a tree map is 1, 
then the tree map is said to be planted. 
It is easy to see that any planted tree map, except the trivial case of the link map, 
can be uniquely produced by several planted tree maps in the following way. Suppose 
the valency of the nonrooted end, which is incident with the semi-edge {fir, c@r }, of 
the root-edge in M be k> 2, then M can be uniquely produced by identifying the 
root-vertices of k - 1 planted tree maps and then identifying the nonrooted end of the 
link map with the root-vertex of the resultant map. Let F1 be the set of all planted tree 
maps and let gs, =CTEF1 nial yliCT) be the vertex partition function of Yi. 
Theorem 2.1 (Liu [l 11). The functional equation 
f=y,+ YZf I( 1 l-Yf 
Y 
is well dejined in 92(x; y,, y,, . ..) and the solution is 
f=gyl=nz (“, “g.),,t (n1,J2,...) l-b 
r 
(2.2) 
Equation (2.1) can be derived from what was discussed in 2.1. Thus, we see that the 
solutionf=gF9. The formula (2.2) can be obtained by using Lagrangian inversion to 
solve (2.1). 
Let .Y be the set of all tree maps. Then by (2.2) gF=gFz+g$l+...=gF,( 1 -gF,)-l 
can be determined. Here we have to pay attention that a vertex P without an edge is 
not a map. Of course, P$F. 
2.2. A map M which has the root-vertex v, adjacent to all other vertices such that 
M - u, is also a map is said to be a superwheel. Let Y be the set of all superwheels in 
which the root-vertices are not cut-vertices. Then Y = 9i + Yz, where 9, = { L j, L is 
the loop map ({ r, cIr, j_+, CC/I+}, (r, c$r) (/It-, c(r)). We may find that g,Y1 =x2 and 
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Theorem 2.2. The functional equation 
f=x2+x2 & s( ) 
Y 
is well dejined in &?( x; y,, y,, . . .) and the solution is 
(2.3) 
(2.4) 
where S={N=(n2,n,,...)lCj,,nj=m, s=xk21knk+l, o,<njdm,j>2}. 
Here we can also employ the Lagrangian inversion to solve (2.3) for obtaining the 
solution given by (2.4). 
In fact, superwheels here are duals of nonseparable outerplanar maps. Therefore, 
the face partition function of nonseparable outerplanar maps is also determined by 
(2.4) in the dual form. Further, we may also find the summation-free formulae for the 
simple, the bipartite, and the simple bipartite cases of this kind of maps [18]. 
Theorem 2.3 (Liu [l 11). The functional equation 
f=xJ(Y&,yw+z)) 
Y 
is well dejined in .%?(x; y,, y,, . . . ) and the solutions can be expressed as 
(2.5) 
(2.6) 
where 
X=(x,x2,x3 )... ), e,=(l,O,O ,... ), 
Yz Y3 Y4 Ys ... 
Yl Y2 Y3 Y4 ... 
YTr= Yl Y2 Y3 ... . 
Because the function given by (2.6) is the vertex partition function of general tree 
maps, the coefficient of x in (2.6) is just gs, which is given by (2.2). 
2.3. A tree map which is allowed to have one circuit at each articulated vertex is called 
a wintersweet map. The root-edge is not chosen on a circuit. Let W be the set of all the 
wintersweet maps. 
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Theorem 2.4 (Liu [ll]). The functional equation 
is well dejined in .2(x; y,,y,, ) and the solution can be expressed by 
f=g,=X(++&)Y;eT) 
ib0 
(2.7) 
(2.8) 
where we denote 
Y2 Y3 Y4 Ys ... 
c Y2 Y3 Y4 ... 
Yw= 
i r c Y2 Y3 “. c Y2 ... 0 . . . . . . 
and c=yl +y,/(l -y2). 
2.4. Let % be the set of all the maps in each of which there is only one circuit. The 
root-edge is chosen to be on the circuit, and the circuit is the boundary of a face. 
Theorem 2.5 (Liu [ 111). The functional equation 
is well dejined in 2(x; y,,y,, . . . ) and the solution has the form 
f=gLpl=X ( C C y, YtY&eT i30 j20 1 
where ys and YT, are indicated in (2.6) and 
YL’ = 
Y2 Y3 Y4 Y5 Y6 .” 
Y2 Y3 Y4 Y5 .‘. 
Y2 Y3 Y4 ... 
Y2 Y3 .‘. 
Yz ... 
0 
(2.9) 
(2.10) 
For some kinds of general unicyclic maps, similar results can also be obtained in 
this way. 
Functional equations arising from map enumrration.s 99 
Theorem 2.6 (Liu [13]). Let d be the set of all outerplanar maps and let 
q?(x)= c (2nY x2”=&1 -Jcz7). 
n>O (n+ l)!n! 
Then the functional equation 
f= 1 +x2~(x)f+xS(Ys,,,(zf)) (2.11) 
Y 
is well defined in 9(x;yI,yz, . . . ) and the solution can be expressed as 
where 
(2.12) 
Yo= 
Y2 Y3 Y4 Y, Y6 
Yl Y2 Y3 Y4 Ys 
Yl Y2 Y3 Y4 
Yl Y2 Y3 
Yl Y2 
* 
and the asterisk ‘*’ denotes 
(2n - 2)!/n! (n - l)!, i-j=2n 
Yi,j= 
0, i-j=2n+ 1, 
with n = 1,2,3, . . . 
Theorem 2.7 (Liu [14]). Let B be the set of all nonseparable outerplanar maps. Then 
the functional equation 
is well de$ned in 9(x; y,,y,, . ..) and the solution is 
where 
f=g@=X , 
Y2 Y3 Y4 YS 
. . . 
Y2+Y4 Y3+Y5 Y4+Y6 .” 
Y,= YZ+Y4+Y6 Y3 +Ys +Y7 .‘. 
Y,+Y,+Y,+YE “. 
* 
(2.13) 
(2.14) 
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and asterisk ‘*’ is determined by the symmetry 
3. Equations unsolved 
3.1. Let J%‘ be the set of all planar maps. For convenience, we have to put the graph 
8 which consists of a single vertex in A as the degenerate case. A! can be partitioned 
into three parts: one consists of the single map 8, and one of the other two consists of 
all the planar maps in which the root-edge is a loop. For a map M, let R = e,. If R is 
a loop, then M can be uniquely reformed by two maps M,, M,EA’ through identify- 
ing the two root-vertices of MI, M2 and then adding the root-loop. 
For S#MEJ%‘, and R not a loop, we have that M.R, the resultant map of 
contracting R from M, is a member of A’. However, for a map MEA!, we have exactly 
m(M)+ 1 maps: Mci,m(M)_i+z), i= 1,2, . . . . m(M)+ 1, in ~4’. They are obtained by 
splitting the root-vertex, 0,. in M into v,, and ugV, such that the valency of v,~ is i, 
i=l,2,..., m(M) + 1. Their root-edges are not loops. 
Theorem 3.1. The functional equation 
f= 1 +X2f2+~(XY&,y(Zf)) (3.1) 
is well dejined in .%2(x; yl, y,, . ..) and the solution is f=g&. 
From [25], the dual form of (3.1) can be found. 
3.2. Let 55 be the set of all loopless planar maps [S]. We may partition 56 into three 
parts as SC = _PI + yz + TS, where J?r consists of the single map 9 and Zipz consists 
of all the maps whose root-edges are not multiple. We may further see that P2 can be 
produced by splitting the maps in P’. On yS, we have to introduce new kind of maps, 
called inner maps, in each of which, there is only one loop, the root-edge with the 
root-face ( (r), (/It-)}. Th en we may construct maps in ZS by inner maps in a proper 
way. However, an inner map can be exactly expressed by adding the root-loop in 
a loopless map. By this procedure, we may finally find the following theorem. 
Theorem 3.2 (Liu [ 191). The functional equation 
f=l+ SC &,,(z2f 11 - &,y(z’f) > 
Y 
(3.2) 
is well dejined in 92(x; y,, y,, . . . ) and the solution is f=g2. 
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3.3. Let pi, be the set of all simple maps, the planar maps whose underlying graphs 
are simple [9]. Here we have to consider the case of face partition, the dual vertex 
partition. Let fyi, be the face partition function of pi”,,. In this case, we take 
Yi,=Yi,l +Yim2 +Yim3, where Yiml = { 9}, ~im2 consists of all the maps in 
,4pi, such that the root-edges are separable. The contribution of Yiml to_[Vi, is 1. The 
contribution of P’im2 to fyi, can also be easily found because a map in YimZ is 
determined by a pair of maps in Yi,. The more complicated case is to find the 
contribution of ~im3 to fY,,. In order to do this, we have to consider that 
Yims = Yym -~im( loop) - Yim( mult), where 9, consists of all the maps which can be 
seen as the resultant maps of adding the root-edges in the root-faces of maps in ,4pi,. 
Of course, not all maps in 9, are simple. Therefore, we have to leave off Yi,( loop) 
and ~im( mult) from Y,, where ~im( loop)= { M 1 M ~97~ with only one loop which is 
rooted}, Yi,(mult)= { M 1 MEY, with only the root-edge multiplej. Further, we may 
find the relation of ,4pi,(lOOp) and Yi,(mult) to 5“. Thus, we have the following 
theorem. 
Theorem 3.3 (Liu [20]). The functional equation 
( xIf+J((l -xy)f) 1 f‘=J(xY&,,w)+f) (3.3) Y Y 
is well defined in &?(x; yl, y,, . . . ) and the solution is f=fyi,. 
3.4. Let A,, be the set of all nonseparable maps and let A,, = &,,i +AnsZ, where 
,_JY,,,~ = { L), the loop map. The main step is to investigate the relationship between 
dns2 and JZ. First, we may see that for MEA!,,~, A4. R can be constructed by 
identifying the root-vertices of several maps in JC%‘. For several maps in A, if the ways 
of splitting each of the root-vertices are given, then a map in dnS2 can be determined 
by identifying the root-edges which are obtained from splitting. From this considera- 
tion, in consequence we may find the following theorem. 
Theorem 3.4 (Liu [lo]). The functional equation 
f=Xz+X j( g$) (3.4) 
is well dejined in 9(x; y,,y,, . ..) and the solution is f=g&,,,. 
In what follows, we present three functional equations related to the Eulerian 
cases. 
3.5. Let d be the set of all Eulerian maps. As soon as we note that no Eulerian map 
has an edge separable, we may find that & can be partitioned into three parts: be, d1 
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and g2, where b,, = { ,9} and br = { M ( MEI, the root-edge is a loop}. Further, we may 
also see that g2 can be produced by properly splitting the root-vertex of a map in 
b- bO. The procedure is much like that in 3.1 but that the valency of a vertex in 
a Eulerian map is an even number has to be kept in mind. 
Theorem 3.5. The functional equation 
(3.5) 
is well dejned in 9?(x;yl,~12, . ..) and the solution i.sf=ge. 
The dual case can be found by the procedure used in [25]. 
3.6. Let b,, be the set of all nonseparable Eulerian maps. Anyway, 9 is not considered 
in d,,. Then b,, can be divided into two parts: &“$I and c?‘,,~~, where 8nsl = { L}, L is the 
loop map. By considering that for MEC%‘,,~, M. R has several nonseparable compo- 
nents which belong to d,,. However, for several maps given in b,,,, we have to think of 
that in the process of splitting each of them and then identifying the resultant maps, 
some of those obtained are allowed not to be Eulerian and the number of the Eulerian 
ones is restricted to be odd. In consequence, we may find the following result. 
Theorem 3.6 (Liu [lo]). The functional equation 
f=x2+xZ 
SC 
Y2b$(&) 
(1-a,*,,,f(~))2-X2y2fix22,y*.f(~) 1 
Y 
(3.6) 
is well defined in 9?(x; y2, y,, . . . ) and the solution is,f=g,_. 
3.7. For loopless Eulerian maps, it is more or less a complicated case to decompose 
them. Let 6i, be the set of all rooted loopless planar maps. We here treat 9 as 
amemberofb,,. Letbi,=bi,l+di,z+~in3, wheredinl=j9),&in2={MJMEbi,,the 
root-edge is not multiple}. Naturally, maps in &in2 can be constructed by splitting the 
root-vertices of maps in bi,. However, ~in3 has to be divided into two cases: 8, and F,, 
where 6, = { M 1 the valency of the injnite ,face of the nonseparable component which 
contains the root-edge of M is 21. For ME&,, M can be reformed by identifying the 
root-edges of several maps. One of them is not Eulerian and is treated as what is 
obtained by two maps in di, with the root-edge joining one root-vertex to the other. 
The others are the resultant maps of splitting the root-vertices of inner Eulerian maps. 
Further, 8, has to be partitioned into 2, and 8’, such that d, consists of all the maps in 
b,, each of which is constructed by a non-Eulerian map obtained by splitting a map in 
gi, -~inl and several maps obtained by splitting inner Eulerian maps. Very likely, 
zt can be constructed by a Eulerian map in &in2 and several maps derived from inner 
Eulerian maps. 
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Theorem 3.7 (Liu [Zl]). The functional equation 
( ( 1+x2j y2(1-6 X~,&f(&)))f Y 1-2aX2,Y2(Zf.(~))-X2Y2~X2,Y2(Zf2(~)) 11 f 
=l+x2j 
( 
Y2(a,2,,2f(~)+6X2,y2(Zf(~))) 
Y 1-2d,Z,,~(zf(~))-X2Y26,2,,2(Zf2(~)) ) 
(3.7) 
is well defined in 92(x; y2, y,, . . . ) and the solution is f= gei,. 
4. Enumerations of maps 
4.1. As soon as we get the vertex (or face) partition function ghz (orfN) of a set of 
maps JV, we may directly determine several kinds of enumerating functions. 
(a) If we take all yi=y, i> 1, then, from gM(x;yl, y,, . ..) given, we derive 
Yh-(x,y)=g,(x;y,y, ..,)= 1 Xm(M)y"(M). (4.1) 
MEN 
Because n(M)=Ci>l , n.(M) is the number of non-root-vertices, the coefficient of x“‘y” 
in YN is the number of nonisomorphic maps in N with the valency m of the 
root-vertex and the number u of non-root-vertices. 
Of course, if we denote 
then the coefficient of y” in !P$(y) is the number of nonisomorphic maps in JV with 
n non-root-vertices. 
(b) If we introduce the substitutions yi=yi, i> 1, then, 
~~(x,Y)=Y,(x~;~,Y,(JL)3, . ..)= 1 Xm(M$Jl(M) (4.2) 
ME”4 
is the enumerating function of JV with the valency of the root-vertex and the edge 
number as parameters. 
Similarly, if we take 
@XY)=@JV(l.Y), (4.3) 
then the coefficient of y’ in Q>(y) is the number of nonisomorphic maps with I edges 
in N. 
(c) If we take y,=y6,,, i> 1, dik is the Kronecker delta, then 
n~~(x,y)=g~-(x,O, . . . ,y,o, . ..)= 1 Xm(M)y”(M) (4.4) 
MEN 
is the enumerating function of almost k-regular maps of JV with the valency of the 
root-vertex and the number of non-vertices as parameters. 
104 Y. Liu 
Further, if we denote that 
~(y)=[xk]A~(u,y) (4.5) 
is the coefficient of xk in .4$! (x, y), then the coefficient of y” in G ( y) is the number of 
nonisomorphic k-regular maps with n non-root-vertices in JV. 
In what follows, we only discuss a few cases related to the equations unsolved in 
Section 3 on the enumerations of maps. 
4.2. For general planar maps, by using the same procedure as in 3.1, we may find the 
following theorem. 
Theorem 4.1 (Liu [6]). The equation 
X2y(1-X)f2-(1-X+X2y)f+Xyf*+(1-x)=0, (4.6) 
wheref*=(f(x,y)),,I=f(l,y) is well defined in .%?(x,y) and the solution isf=@,. 
Equation (4.6) can be solved by using the quadratic method suggested by Tutte 
[25]. First, we find the parametric expressions of y and f * = @* as 
y=(l-0(33-2), 
4c’-3 
@*=a- 
By the Lagrangian inversion, we obtain that [23] 
@f = 1+ c 2. 3”(2mY y” 
m31m!(m+2)! (4.8) 
Then we can in principle solve equation (4.6) to find a&(x, y). However, the expres- 
sion of QA(x, y) is not simply enough for writing it here [6,15]. 
4.3. In fact, we may obtain the following more general result. 
Theorem 4.2. Let ,f* =f( 1, y, z). Then the equation 
x22(1 -X)j--(1 -xxx2y)f+xyf*+(l-x)=0 
is well dejined in g(x,y,z) and the solution is 
f= Q,( x, y, z) = c xm(M)yn(M)z*(M), 
ME.& 
where q(M) is the number of non-root-faces in M. 
(4.9) 
Now, we may see that Y&(x, y) = sZ,(x, y, 1 ), QA( x, y) = Q,( x, y, y). From (4.9), the 
parametric expressions of y, z, and f* can be derived as [25] 
(5+2)5 (yI+2)rl 4(l+V+ 1) 
y= 4(4+Y/+1)2’ z= 4(S+r7+1)2’ 
f”= 
(E+2)(rl+2)’ 
(4.10) 
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By using the Lagrangian inversion, we may finally findf*(y, z) as a power series of 
y and z in which the coefficient of ynzq in f * is the number of nonisomorphic planar 
maps with n non-root-vertices and CJ non-root-faces. 
4.4. According to the procedure described in 3.2, we may find the following result. 
Theorem 4.3. The equation 
X2Zf~+(1-X-xXZf*+X~(y-Z))f-(l-x+x(y-z)f*)=0, 
f * =f (1, y, z), is well defined in 9(x, y, z) and the solution is f = Q,( x, y, z). 
From (4.1 I), we have 
xZyf2+(l -x-xyf*)f-(1 -x)=0, 
f* =f(l, y), is well defined in &T(x, y) and the solution isf= Gu(x, y). 
It is easy to find the following parametric expressions from (4.12), 
l-5 
Y= 54) f* = 572 + 5) 
by which, we have [7, S] 
Further, QIy(x,y) can also be obtained [t]. 
4.5. From the discussion in 3.3, we may find the following theorem. 
Theorem 4.4. The equation 
x2( 1 -X)yf2-((1 -x)(1 -z)+?c2z+(1 -X2)Zf*)f 
+(l -x)(1 -Z)+zf*=O, 
f* =f(l, y, z), is well dejined in J%( x> y, z) and the solution is ,f= QYim. 
Particularly, we may also find that the equation by the same procedure, 
x2y(l-x)f2-(x~y+(1-x),f*(xy+l))f+(l-x+xy)f*=0, 
(4.11) 
(4.12) 
(4.13) 
(4.14) 
(4.15) 
f * =f(l, y), is well defined in 9(x, y) and the solution is f= Qyi,(x, y) where the 
power of x in Qy,,(x, y) represents the valency of the root-face instead. 
We can also extract the parametric expressions: 
y= (t-1)(2-5) 
t2 ’ 
f*=52(2-[). 
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In consequence, we may obtain 
(4.16) 
by the Lagrangian inversion [7,9]. 
4.6. Based on the procedure described in 3.4, the following theorem can be easily 
obtained. 
Theorem 4.5. The equation 
j-2+(1-.X+Xy-x~z-xXf*)f-x~((1-X)Z+(y-zx)f*)=0, (4.17) 
f * =f(l, y, z), is well defined in B(x, y, z) and the solution is f = QMnS(x, y, z). 
From (4.17), we may also extract the parametric expressions: 
y=ir(l-V)2, z=vl(l-02, s*-z=&(l-<-l?) 
by which a summation-free coefficient of y”zq in .Q%_S(~~,z) can be found as in [3]. 
By setting y= z in (4.17) we see that the equation 
f2+((1 +xy)(l -X)-Xf*)f-x2(1 -x)y(l +f*)=O, 
f * =f (1, y) is well defined in g(x, y) and the solution is QAK,.(x, y). It is easy to check 
that 
1 
y=-((4-l)(4-77)2, 
27 
./*+l+(l-il) 
from which we may find [7,26] 
(4.18) 
4.7. For general Eulerian planar maps, from the procedure discussed in 3.5, we may 
obtain the following theorem. 
Theorem 4.6. The equation 
f*=f(l,y,z), is well dejned in W(x,y,z) and the solution isf’=Q&(x, y,z). 
(4.19) 
By setting y=z, the solution of the equation 
x2y(l -X2)f2-(1 -x~+X2y)f+(l-X~)+X~yf*=O, 
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f * =f(l, z, z), is well defined in 9(x, y) and the solution is f= @,(x, y). It can be seen 
that 
(I-4)(t’-2) f*= 
1+5+P 
Y= 
t2 ’ (5 - 2s 
from which we may derive [17] 
Further, @,&x,y) can also be determined [22]. 
4.8. From what is discussed in 3.6, we may find the following theorem. 
Theorem 4.7. The equation 
f=x2z+xZy 
f-f* 
x2( 1 +f*)2++ 1)2’ 
(4.20) 
(4.21) 
f* =f( 1, y, z), is well defined in .?A!( x, y, z) and the solution is f= sZgnS( x, y, z) 
This is a cubic equation. For y = z, we have 
f=x2y 1+ 
( 
f-f* 
x2(1 +f*)2-(f+ 1)2 1 ’ 
f * =f(l, y) is well defined in .9(x, y) and the solution is f= Q&ns( x, y). 
Although the following parametric expressions of x and f * + 1 have been found: 
y’ (4-1)(l+4-t212 1+(-i’” 
i’2(2-02 ' l+f*= (2_5)2 ) 
we can only derive @,$_(y) in which the coefficient of y1 is a triple summation of 
alternative terms [21]. A simpler formula has not been revealed yet. 
4.9. On loopess Eulerian planar maps, by the procedure mentioned in 3.7, we may 
deduce the following theorem. 
Theorem 4.8 (Liu [21]). The equation 
X~y~f~+2(1-X~y)X~yf~+(1-X~-X~y+(l+f*)X~y~-2X~yf*-~~~y~(f*)~)f 
=1-x2-x2yf*+X2y2(1-f*)f*, (4.22) 
f * =f (1, y), is well dejined in .B( x, y) and the solution is f= QBi,( x, y). 
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Although this cubic equation is difficult to solve, we may still find an indirect way to 
infer the following parametric expressions: 
from which, the explicit formula for de:erminingf* = @&, is derived as 
L”-2r2’ (21+ 1 -j)(4j-1+4)-2 
@&,=l+C 3 c 
13 1 j=O n(nf l)(n+2) 
5. Remarks 
(4.23) 
5.1. Aithough the explicit expressions of the solutions of (2.5) (2.7), (2.9), (2.1 l), and 
(2.13) have been known, it also needs to seek summation-free formulae of the 
coefficients of g/, SW, 9*, gd, and gB if any. 
5.2. No explicit formulae for the solutions of (3.1)-(3.7) have been found in a direct 
way of solving these equations. However, a very nice formula for gs, the solution of 
(3.5), has been revealed by Tutte [23] through enumerating maps in & according to the 
vertex partition directly but not by solving (3.5). He indicated that the coefficient of 
.x*~ nia 1 y;’ in gB is 
(21- l)! (2m)! ni( (2i- l)! rl, 
(21-n+l)!m!(m-l)! ialni! i!(i-l)! 
(5.1) 
where 21=m+Ci,, ini, n=zial ni. 
5.3. In principle, we may determine QL(y,z), Q$(y,z), Q$,_(y,z), QL_(y,z) and 
C$(y, z), from (4.9), (4.1 l), (4.14), (4.17) and (4.19), respectively, by finding parametric 
expressions of y, z, and f* for the use of the Lagrangian inversion. However, only the 
coefficient of ynzq in C?&_(y, z) by using the equations provided here. 
5.4. As shown above, we found @s(y), P&(y), @f,,.(y), and @s(y) in summation-free 
forms. @gi,(y) is given in a summation form of positive terms. However, in [16], 
a simpler equation for determining f* = ~Pr$~,,,(y) is provided as 
f‘*-(1+Xf*+xy(1-x)f*)f+xf*=0. (5.2) 
For loopless and nonseparable Eulerian maps, the equations are cubic. It is still 
unknown if there is a simpler equation in each of the two cases. 
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5.5. No doubt, all the ways of decomposition provided here can be applied to finding 
equations satisfied by functions 
L-(x,Y,z,t)= c Y Xm(M) n(w,ll(M)@w 
MEA’ 
(5.3) 
for N = A, 2, A,,,, AYi,,,, 8, fin, or b,,. However, no simpler explicit formula for 
T(x, y, z, t) has been found yet. 
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